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Abstract
We study magnetic Schrödinger operators on line bundles over Riemann surfaces endowed with metrics of constant curvature.
We show that for harmonic magnetic fields the spectral geometry of these operators is completely determined by the Bochner Lapla-
cians of the line bundles. Therefore we are led to examine the spectral problem for the Bochner Laplacian ∇∗∇ of a Hermitian line
bundle L with connection ∇ over a Riemann surface S. This spectral problem is analyzed in terms of the natural holomorphic struc-
ture on L defined by the Cauchy–Riemann operator associated with ∇. By means of an elliptic chain of line bundles obtained by
twisting L with the powers of the canonical bundle we prove that there exists a certain subset of the spectrum σhol(∇∗∇) such that
the eigensections associated with λ ∈ σhol(∇∗∇) are given by the holomorphic sections of a certain line bundle of the elliptic chain.
For genus p = 0,1 we prove that σhol(∇∗∇) is the whole spectrum, whereas for genus p > 1 we get a finite number of eigenvalues.
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1. Introduction
In this paper we analyze the spectral geometry of magnetic Schrödinger operators on Riemann surfaces. These are
endowed with Riemannian metrics of constant curvature and the magnetic fields that we consider are assumed to be
harmonic.
It is well known that the Schrödinger operator for a particle on a Riemannian manifold under the action of a
magnetic field is given, in the framework of geometric quantization [21,27], by the Bochner Laplacian of a Hermitian
line bundle with connection plus a multiplicative term which involves the scalar curvature. Therefore, if the scalar
curvature is constant, the spectrum of the Schrödinger operator is determined by that of the Bochner Laplacian.
Moreover, for a harmonic magnetic field the connection on the corresponding line bundle is harmonic as well.
The spectral geometry of Bochner Laplacians on line bundles endowed with harmonic connections has been stud-
ied by several authors [8,11,12,25]. The case of the projective line has been previously studied in [12,25]. Tori, as
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C. Tejero Prieto / Differential Geometry and its Applications 24 (2006) 288–310 289particular instances of Abelian varieties, are covered in [8]. On the other hand, as we shall see later, on a Riemann
surface of genus p > 1, Bochner Laplacians are closely related to Maass Laplacians acting on automorphic forms,
which have been treated in [2,17].
Let us recall that any Hermitian line bundle L with connection ∇ on a Riemann surface S has a natural holomorphic
structureL= (L, ∂¯∇) determined by the Cauchy–Riemann operator ∂¯∇ of the connection, see [10]. Therefore one may
expect a close relationship between the spectral geometry of the Bochner Laplacian ∇∗∇ of L and the holomorphic
geometry of L. One such relationship is provided by the formula
∇∗∇ = 2∂¯∇∗∂¯∇ + i ∗Ω∇ ,
where Ω∇ is the curvature of ∇ . For instance, if i ∗ Ω∇ is a constant, then the lowest eigenvalue of ∇∗∇ is given by
i ∗Ω∇ provided that L has holomorphic sections. In that case the eigensections corresponding to the lowest eigenvalue
are precisely the holomorphic sections.
However, this relationship between the spectral geometry of the Bochner Laplacian of L and the holomorphic
structure of L seems to have gone unnoticed. One of the aims of this paper is to further develop this connection and
to study in depth the implications of it.
As a consequence of this study we prove the existence of a subset σhol(∇∗∇) ⊂ σ(∇∗∇) of the spectrum of the
Bochner Laplacian which can be determined without solving any differential equation, simply by using the Riemann–
Roch theorem. For Riemann surfaces of genus p = 0,1, this subset is infinite and coincides with the whole spectrum
whereas for genus p > 1 the subset is finite and its cardinality depends on the degree of L. Moreover, the eigensections
associated with every λ ∈ σhol(∇∗∇) can be identified with the holomorphic sections of certain line bundles.
Let us explain our method in detail. We consider a chain of line bundles C•(L) = {KqS ⊗L}q∈Z obtained by twist-
ing L by the powers KqS of the canonical line bundle of S. Every line bundle K
q
S ⊗ L has a connection ∇q obtained
by twisting ∇ with the connection induced on KqS by the Levi-Civita connection. The Cauchy–Riemann operators
∂∇q , ∂¯∇q of these connections are elliptic. We get in this way what we call the elliptic chain (C•(L), ∂∇• , ∂¯∇•) asso-
ciated to L.
After some natural identifications, the Cauchy–Riemann operators give us mappings
∂∇q :Ω0
(
K
q
S ⊗L
)→ Ω0(Kq+1S ⊗L),
∂¯∇q :Ω0
(
K
q
S ⊗L
)→ Ω0(Kq−1S ⊗L)
between the smooth sections of the line bundles of the elliptic chain. Now exploring the relationship between the
Cauchy–Riemann operators and the Bochner Laplacians of the elliptic chain if deg(L) > 0 we are able to prove that
the holomorphic sections s−q ∈ H 0(S,L⊗K−qS ) with q  0 correspond via
sq = ∂∇−1 . . . ∂∇−q s−q ∈ Ω0(L)
to eigensections sq for the Bochner Laplacian ∇∗∇ of L. Moreover, this correspondence is a bijection. A similar result
holds if deg(L) < 0.
More precisely, if we denote by Hˆ the magnetic Schrödinger operator (see Proposition 2 below) corresponding to
a prequantization line bundle L on a Riemann surface S of genus p, then our main results concerning the eigenvalues
and eigensections of Hˆ (Theorems 2, 5, 7) can be summarized in the following
Theorem. Let us suppose that |deg(L)| > deg(KS) where KS is the canonical line bundle of S.
1. If p = 0 then the spectrum of Hˆ is the set
Spec(Hˆ ) =
{
Eq = h¯
2
2mr2
(
|degL|
(
q + 1
2
)
+ q(q + 1)+ 1
3
)
, ∀q ∈ Z, q  0
}
.
2. If p = 1 then the spectrum of Hˆ is the set
Spec(Hˆ ) =
{
Eq = h¯|ω|
(
q + 1
2
)
, ∀q ∈ Z, q  0
}
,
where ω = eBˆ .
m
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Specd(Hˆ ) =
{
Eq = h¯
2
2mr2
(∣∣k(L)∣∣(2q + 1)− q(q + 1)− 1
3
)
, ∀q ∈ Z, 0 q < ∣∣k(L)∣∣− 1
}
,
where k(L) = eBˆ
h¯|K| , is included in the spectrum of Hˆ .
In either case the space of eigensections with eigenvalue Eq gets identified with H 0(S,K−qS ⊗ L) if degL > 0 and
with H 0(S,K−qS ⊗L−1) if degL< 0.
In this connection we should mention the special role played by the Riemann–Roch theorem which in the case of
Riemann surfaces may serve at the same time as a vanishing as well as an existence theorem. In order to fully exploit
this technical advantage we assume that |deg(L)| > deg(KS), although our method works whenever we can assure
that H 0(S,L⊗K−qS ) = 0.
As a by-product of our technique we prove that σhol(∇∗∇) does not depend on the line bundle L → S that we
take with r = deg(L). That is, σhol(∇∗∇) is constant over Picr (S). If we take into account that the different bundles
parametrized by Picr (S) are all isomorphic as C∞ bundles and that the corresponding connections are not gauge
equivalent, we see that this family is σhol(∇∗∇)-isospectral. In the case of a Riemann surface of genus p = 1 where
σhol(∇∗∇) = σ(∇∗∇) we get a family of isospectral connections. Moreover, this is the family of all connections with
a given harmonic curvature. Therefore on a Riemann surface of genus p = 1 any two connections on a line bundle
with the same harmonic curvature are isospectral. We obtain in this way a new answer to the fundamental question,
originally posed in [13], on the existence of isospectral gauge inequivalent connections.
Once the spectra are determined by our holomorphic techniques we briefly comment on the explicit construction
of the eigensections. In the case of the projective line this is done by lifting any line bundle to the total space SU(2)
of the Hopf fibration. There the bundles are trivial and the eigenvalue equation becomes an ordinary differential
equation which is solved by exploiting the relationship between the Bochner Laplacian and the Casimir for the regular
representation of SU(2). For tori, the eigensections as holomorphic sections of line bundles are given by theta functions
with characteristics whose expressions are well known. Finally we treat the case of Riemann surfaces of genus p > 1.
Here we establish an identification between eigensections and Maass automorphic forms. We achieve this goal by
lifting the bundles to the hyperbolic plane where they become trivial.
The paper is organized as follows. In Section 2, in order to establish our notation, we collect some well known
facts on the geometric quantization of particles in magnetic fields on Riemannian manifolds, then we treat in some
detail the particular case of Riemann surfaces. In Section 3 we study the spectral geometry of Bochner Laplacians
on Riemann surfaces by constructing the above mentioned elliptic chain. Finally, Section 4 deals with the spectral
resolutions on the projective line, tori and Riemann surfaces of genus p > 1, respectively.
2. Magnetic Schrödinger operators and geometric quantization
In order to fix our notation and for the convenience of the reader, we begin by briefly recalling some well known
facts from the theory of geometric quantization, for further details see [21,26].
Definition 1. A symplectic manifold (X,ω2) is said to be quantizable if the cohomology class [ω2h ] is integral, that is[
ω2
h
]
∈ i∗
(
H 2(X,Z)
)⊂ H 2(X,R),
where h is Planck’s constant, and i∗ is the morphism induced in cohomology by the natural inclusion i :Z ↪→ R.
Definition 2. A Hermitian line bundle with connection (L, 〈 , 〉,∇) consists of a line bundle π :L → X endowed with
a Hermitian metric 〈 , 〉 and a compatible connection ∇ . Two such bundles (L, 〈 , 〉,∇) and (L′, 〈 , 〉′,∇′) are equivalent
if there exists an isomorphism of line bundles φ :L ∼→ L′ such that φ∗∇′ = ∇ and φ∗〈 , 〉′ = 〈 , 〉.
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(L, 〈 , 〉,∇) is a prequantization line bundle for (X,ω2) if
iΩ∇ = ω2
h¯
,
where Ω∇ is the curvature 2-form of the connection ∇ and h¯ = h2π .
Remark 1. These definitions are equally valid if (X,ω2) is only a pre-symplectic manifold.
Taking into account Chern–Weil theory, [26], a symplectic manifold has a prequantization line bundle if and only if
it is quantizable. Moreover, the set of equivalence classes of prequantization line bundles for a quantizable symplectic
manifold (X,ω2) is parametrized by H 1(X,U(1)) which in turn represents the equivalence classes of flat Hermitian
line bundles. The parametrization is as follows. Given a prequantization line bundle L = (L, 〈 , 〉,∇) then any other
prequantization line bundle L′ = (L′, 〈 , 〉′,∇′) is obtained by twisting L with a flat Hermitian line bundle L0; that is,
L′ = L⊗L0.
The symplectic manifold which describes a charged particle subject to the action of a magnetic field B ∈ Ω2(X)
in the Riemannian manifold (X,g) is
(T ∗X, ω2 = dθ + eτˆ ∗B),
where e is a constant which represents the electric charge of the particle and τˆ :T ∗X → X is the projection of the
cotangent bundle. The dynamics of the particle is described by the Hamiltonian function
H(ω) = 1
2
‖ω‖2g
m
,
where ω ∈ T ∗X and m is the mass of the particle.
Therefore we have
Proposition 1. The symplectic manifold (T ∗X, ω2 = dθ + eτˆ ∗B) is quantizable if and only if the pre-symplectic
manifold (X, eB) is quantizable. That is, if and only if[
eB
h
]
∈ H 2(X,R)
is an integral cohomology class.
This implies that every prequantization line bundle L′ = (L′, 〈 , 〉′,∇′) on T ∗X is equivalent to the pullback of a
Hermitian line bundle with connection L = (L, 〈 , 〉,∇) on X such that iΩ∇ = eB
h¯
. That is, a prequantization line
bundle for the pre-symplectic manifold (X, eB). For this reason, these latter bundles are also called prequantization
line bundles for (T ∗X, ω2 = dθ + eτˆ ∗B) and, from now on, unless otherwise mentioned, these will be the only
ones that we shall consider. For the same reasons H 1(X,U(1)) parametrizes the different possible prequantizations
of (T ∗X,ω2 = dθ + eτˆ ∗B).
The quantization of a particle under the action of a magnetic field B on a Riemannian manifold (X,g) has been
treated in the framework of geometric quantization in [21,27]. The main result proved in these references is
Proposition 2. Let us suppose that the symplectic manifold (T ∗X, ω2 = dθ + eτˆ ∗B) is quantizable, and let
L = (L, 〈 , 〉,∇) be a prequantization line bundle. The Hamiltonian H(ω) = 12
‖ω‖2g
m
can be quantized in the verti-
cal polarization by means of the BKS method. Its quantization is the Schrödinger operator
Hˆ = h¯
2
2m
(
∇∗∇ + R
6
)
,
where ∇∗∇ is the Bochner Laplacian of L and R is the scalar curvature of the Riemannian metric g.
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the norm ‖s‖2 = ∫
X
〈s, s〉volg . Taking into account that Hˆ is an elliptic operator, if X is a compact manifold then
there exists a discrete spectral resolution {sn,En} for Hˆ , see [6].
The purpose of the following sections is to study this spectral resolution in the case of a compact Riemann surface
(S, g) endowed with a metric g of constant scalar curvature in the conformal class determined by the complex structure
of S. Besides this, the magnetic field B is assumed to be harmonic. Therefore B is of the form B = BˆΩ2, where Bˆ ∈ R
and Ω2 is the Riemannian area element of (S, g). The symplectic manifold of this problem is (T ∗S,ω2 = dθ + eτˆ ∗B)
and in this case (S, eB) is a symplectic manifold.
Under these conditions we have
Proposition 3. Let (S, g) be a compact Riemann surface of genus p = 1 endowed with a Riemannian metric g of
constant curvature. If (S, eB) is quantizable and L= (L, 〈 , 〉,∇) → S is a prequantization line bundle, then its first
Chern number is
c1(L) = eBˆ
h¯K
χ(S),
where K is the Gaussian curvature of g and χ(S) is the Euler–Poincaré characteristic of S.
Proof. Since K = 0 the first Chern class of L → S is represented by
c1(L) = iΩ
∇
2π
= eBˆ
2πh¯
Ω2 = eBˆ
h¯K
K
2π
Ω2.
Therefore, the Gauss–Bonnet theorem implies that the first Chern number of L is
c1(L) = c1(L)[S] =
∫
S
eBˆ
h¯K
K
2π
Ω2 = eBˆ
h¯K
∫
S
K
2π
Ω2 = eBˆ
h¯K
c1(T S)[S] = eBˆ
h¯K
χ(S). 
Definition 4. Under the conditions of the preceding proposition, the rational number k(L) = eBˆ
h¯|K| ∈ Q is called the
weight of the line bundle L. If there is no possible confusion with the line bundle L, we will simply denote by k its
weight.
In the same way as before we have
Proposition 4. Let (S, g) be a compact Riemann surface of genus p = 1 endowed with a Riemannian metric g. If
(S, eB) is quantizable and L= (L, 〈 , 〉,∇) → S is a prequantization line bundle, then its first Chern number is
c1(L) = eBˆ
h
Area(S).
Now we prove that every prequantization line bundle on a Riemann surface is endowed with a natural holomorphic
structure.
Proposition 5. Let us suppose that (S, eB) is quantizable and let
L= (L, 〈 , 〉,∇)→ S
be a prequantization line bundle, then there exists a unique structure of holomorphic line bundle on L → S such
that a section s ∈ Γ (S,L) is holomorphic if and only if ∂¯∇s = 0, where ∂¯∇ denotes the Cauchy–Riemann operator
associated with the connection ∇ .
Moreover, the set of equivalence classes of prequantization line bundles of (S, eB) is parametrized by the Picard
group Pic0(S) of degree zero holomorphic line bundles.
C. Tejero Prieto / Differential Geometry and its Applications 24 (2006) 288–310 293Proof. It is clear that ∂¯∇ ◦ ∂¯∇ = (Ω∇)0,2 = 0, therefore the first statement is a consequence of a well known general-
ization of the Newlander–Niremberg theorem, see [10]. The second assertion now follows from the first. 
Remark 3. Since the prequantization line bundles are Hermitian, the previous proposition allows us to identify them
with the Hermitian holomorphic line bundles on S endowed with the Chern connection, [10].
3. Spectral geometry of Bochner Laplacians
Taking into account the results of the preceding section, one can expect a close relationship between the spectral
geometry of the Schrödinger operator
Hˆ = h¯
2
2m
(
∇∗∇ + R
6
)
on a prequantization line bundle L → S and the holomorphic structure of L. In what follows we shall explore in depth
this relationship.
Since the scalar curvature R of the Riemann surface (S, g) is constant, the spectrum of Hˆ is completely determined
by the action of the Bochner Laplacian ∇∗∇ on L2(S,L).
Proposition 6. The Bochner Laplacian ∇∗∇ of a prequantization line bundle L → S is an elliptic operator which is
formally self-adjoint and positive. Therefore its spectrum Spec(∇∗∇) is entirely contained in {0} ∪ R+.
Proof. Since ∇∗ is the formal adjoint of ∇ it is clear that ∇∗∇ is formally self-adjoint and positive. On the other hand
if we have ∇∗∇s = λs, then
λ‖s‖2 = 〈∇∗∇s, s〉 = 〈∇s,∇s〉 = ‖∇s‖2,
and therefore we conclude that λ ∈ {0}∪R+. An easy computation proves that the symbol of ∇ is σ(∇)(ω, s) = ω⊗ s,
and this implies
σ(∇∗∇)(ω, s) = −‖ω‖2s,
hence ∇∗∇ is elliptic. 
By the general theory of elliptic operators on compact manifolds, see [6], we have
Corollary 1. If S is compact, the operator ∇∗∇ has a discrete spectral resolution {sn, λn}, with sn belonging
to Γ (S,L) and λn ∈ {0} ∪ R+.
The following lemma will allow us to establish a relationship between the spectral geometry of the Bochner Lapla-
cian and the holomorphic structure of the prequantization line bundle L → S. Let us point out that it can be proved by
means of the Kähler identities, however we give a simple direct proof which serves at the same time to establish our
notation.
Lemma 1. Let L= (L, 〈 , 〉,∇) → S be a prequantization line bundle. Then one has
∂∇∗∂∇ − ∂¯∇∗∂¯∇ = i ∗Ω∇ = eBˆ
h¯
,
where ∗ is the Hodge star operator and ∇ = ∂∇ + ∂¯∇ is the decomposition of ∇ in terms of the Cauchy–Riemann
operators.
Proof. Let us recall that the formal adjoints of the Cauchy–Riemann operators are
∂∇∗ = − ∗ ∂¯∇∗,
∂¯∇∗ = − ∗ ∂∇∗,
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∂∇∗∂∇(f s) = − ∗ ∂¯∇ ∗ (∂f ⊗ s + f ∂∇s) = i ∗ ∂¯∇(∂f ⊗ s + f ∂∇s)
= i ∗ (∂¯∂f ⊗ s − ∂f ∧ ∂¯∇s + ∂¯f ∧ ∂∇s + f ∂¯∇∂s),
where we have taken into account, that for every 1-form ω, one has ∗ω = −J ∗ω where J is the complex structure
of S. In the same way one has
∂¯∇∗∂¯∇(f s) = −i ∗ (∂∂¯f ⊗ s − ∂¯f ∧ ∂∇s + ∂f ∧ ∂¯∇s + f ∂∇ ∂¯∇s).
Adding up both expressions and bearing in mind that since S is a complex manifold we have 0 = ∂¯∂ + ∂∂¯ , we get
(∂∇∗∂∇ − ∂¯∇∗∂¯∇)(f s) = if ∗ (∂¯∇∂∇ + ∂∇ ∂¯∇)s.
On the other hand the curvature of the connection ∇ is
∇∇ = (∂∇ + ∂¯∇)2 = ∂¯∇∂∇ + ∂∇ ∂¯∇
since ∂∇∂∇ = ∂¯∇ ∂¯∇ = 0. If we substitute this expression in the preceding equation we finally get
(∂∇∗∂∇ − ∂¯∇∗∂¯∇)(f s) = if ∗Ω∇s
and this finishes the proof since one has iΩ∇ = eBˆ
h¯
Ω2 due to the fact that L → S is a prequantization line bundle. 
Proposition 7. Let L= (L, 〈 , 〉,∇) → S be a prequantization line bundle. Then one has
(1)∇∗∇ = 2∂¯∇∗∂¯∇ + i ∗Ω∇ = 2∂¯∇∗∂¯∇ + eBˆ
h¯
,
(2)∇∗∇ = 2∂∇∗∂∇ − i ∗Ω∇ = 2∂∇∗∂∇ − eBˆ
h¯
.
Proof. We have ∂∇∗∂¯∇ = − ∗ ∂¯∇ ∗ ∂¯∇ = i ∗ ∂¯∇ ∂¯∇ = 0. In the same way it is ∂¯∇∗∂∇ = 0. Therefore
∇∗∇ = (∂∇∗ + ∂¯∇∗)(∂∇ + ∂¯∇) = ∂∇∗∂∇ + ∂¯∇∗∂¯∇ .
In order to conclude it is enough to take into account the previous lemma. 
This proposition allows us to characterize the first eigenvalue of ∇∗∇ on a compact surface S in terms of holomor-
phic sections. Let us denote by KS the canonical line bundle of S.
Theorem 1. Let S be a compact surface and let L = (L, 〈 , 〉,∇) → S be a prequantization line bundle. If λ1 is the
first eigenvalue of ∇∗∇ then λ1  | eBˆh¯ |. Moreover,
1. If eBˆ
h¯
> 0 then λ1 = eBˆh¯ if and only if H 0(S,L) = 0. Besides that, the space of eigensections with eigenvalue λ1
gets identified with H 0(S,L).
2. If eBˆ
h¯
< 0 then λ1 = | eBˆh¯ | if and only if H 0(S,L−1) = 0. Besides that, the space of eigensections with eigenvalue
λ1 gets identified with H 0(S,L−1).
Proof. Taking into account the expressions (1), (2) for ∇∗∇ and that ∂¯∇∗∂¯∇ , ∂∇∗∂∇ are positive elliptic operators, if
eBˆ
h¯
> 0 then one concludes that there exist solutions to the equation ∇∗∇s = λ1s if and only if there exist solutions to
the equation ∂¯∇s = 0, that is if s ∈ H 0(S,L).
In the same way, if eBˆ
h¯
< 0 then there are solutions to the equation ∇∗∇s = λ1s if and only if ∂∇s = 0 and these
get identified with the holomorphic sections of the line bundle L¯  L−1. 
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|deg(L)| > |deg(KS)|. Under these conditions one has λ1 = | eBˆh¯ |. Moreover, the multiplicity of the eigenvalue λ1 is
m(λ1) =
∣∣deg(L)∣∣+ 1 − p,
where p is the genus of S.
Proof. If eBˆ
h¯
> 0 then the preceding proposition and the Riemann–Roch theorem allow us to conclude that
H 0(S,L) = 0. In the same way, if eBˆ
h¯
< 0, then one has H 0(S,L−1) = 0. The multiplicity of the eigenvalue is
again a consequence of the Riemann–Roch theorem. 
Remark 4. If the surface S is not compact, we can still assert that λ1  | eBˆh¯ |. On the other hand, if S is compact, in
the study of quantum Hall effect the magnetic fields are supposed to be very intense. Therefore in the study of this
phenomenon it is not a real restriction to assume that |deg(L)| > |deg(KS)|.
In order to continue with the spectral study of the Bochner Laplacian ∇∗∇ of the prequantization line bundle
L= (L, 〈 , 〉,∇) → S we shall construct a chain of line bundles endowed with elliptic differential operators between
the line bundles in the chain which are adjacent.
Definition 5. We call C•(L) = {KqS ⊗ L}q∈Z the chain of line bundles associated to the prequantization line bundle
L= (L, 〈 , 〉,∇) → S.
Let us recall that KS = T ∗1,0S. Moreover, the Hermitian metric associated with the Riemannian metric of (S, g)
allows us to establish the isomorphism
KS = T ∗0,1S  K−1S
which can be identified with the polarity pg of the Riemannian metric g. Moreover since (S, g) is a Kähler manifold,
the Levi-Civita connection ∇ leaves Γ (S,KS) invariant, inducing thus a unitary connection on this line bundle that we
still denote by ∇ . Hence, if we denote by 〈 , 〉g the Hermitian metric induced by g on KS , it follows that (KS, 〈 , 〉g,∇)
is a holomorphic Hermitian line bundle. This connection induces in a natural way a connection on every tensor
power KqS that we denote by ∇q .
Definition 6. We denote by ∇q the connection on KqS ⊗L naturally induced by ∇q and ∇ . That is
∇q = ∇q ⊗ 1 + 1 ⊗ ∇.
The Cauchy–Riemann operators of the connections ∇q give us morphisms
∂∇q :Ω0
(
K
q
S ⊗L
)→ Ω1,0(KqS ⊗L),
∂¯∇q :Ω0
(
K
q
S ⊗L
)→ Ω0,1(KqS ⊗L).
On the other hand Ω1,0(KqS ⊗L)  Ω0(Kq+1S ⊗L), in the same way Ω0,1(KqS ⊗L)  Ω0(T ∗0,1 ⊗KqS ⊗L) and by
means of the isomorphism defined by the polarity pg , one has an isomorphism of C∞(X)-modules
pg :Ω
0,1(KqS ⊗L)→ Ω0(Kq−1S ⊗L).
We still denote by the same symbols the Cauchy–Riemann operators after composing them with the above men-
tioned isomorphisms. Therefore we have defined the following differential operators between the elements of the
chain C•(L)
∂∇q :Ω0
(
K
q
S ⊗L
)→ Ω0(Kq+1S ⊗L),
∂¯∇q :Ω0
(
K
q
S ⊗L
)→ Ω0(Kq−1S ⊗L).
A straightforward computation proves the following
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∂∇q∗ = −∂¯∇q+1 ,
∂¯∇q∗ = −∂∇q−1 .
Definition 7. We call (C•(L), ∂∇• , ∂¯∇•) the elliptic chain associated to the prequantization line bundle L =
(L, 〈 , 〉,∇) → S.
The following proposition will be crucial in the study of the spectrum of the Bochner Laplacian.
Proposition 9. The operators of the elliptic chain (C•(L), ∂∇• , ∂¯∇•) fulfill the following equation
∂∇q−1 ∂¯∇q − ∂¯∇q+1∂∇q = −qK + eBˆ
h¯
,
where K is the Gaussian curvature of (S, g).
Proof. The line bundle KqS ⊗ L of the elliptic chain is endowed with the connection ∇q = ∇q ⊗ 1 + 1 ⊗ ∇ and,
therefore, its curvature is
Ω∇q = Ω∇q +Ω∇ = qΩ∇ +Ω∇ ,
but it is well known that the curvature of KS is iΩ∇ = −KΩ2, and therefore one has
i ∗Ω∇q = −qK + eBˆ
h¯
.
Now if we take into account Lemma 1, we have
∂∇q∗∂∇q − ∂¯∇q∗∂¯∇q = i ∗Ω∇q = −qK + eBˆ
h¯
,
therefore the preceding lemma allow us to conclude. 
Definition 8. On the elliptic chain (C•(L), ∂∇• , ∂¯∇•) we define the Laplacians
q = ∂∇q∗∂∇q = −∂¯∇q+1∂∇q ,
q = ∂¯∇q∗∂¯∇q = −∂∇q−1 ∂¯∇q .
Remark 5. In particular the Bochner Laplacian can be expressed in terms of the Laplacians of the elliptic chain in the
following ways
∇∗∇ = 0 +0 = 20 + eBˆ
h¯
= 20 − eBˆ
h¯
.
The relationship between the operators of the elliptic chain showed in Proposition 9 can now be expressed as
Lemma 2. The Laplacians of the elliptic chain (C•(L), ∂∇• , ∂¯∇•) verify
q −q = −qK + eBˆ
h¯
.
The following proposition will allow us later to compute the holomorphic part of the spectrum of the Bochner
Laplacian.
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−q∂∇
−(q+1) − ∂∇−(q+1)−(q+1) =
{
(q + 1)K + eBˆ
h¯
}
∂∇−(q+1) ,
q∂¯∇q+1 − ∂¯∇q+1q+1 =
{
(q + 1)K − eBˆ
h¯
}
∂¯∇q+1 .
Proof. One has
−q∂∇
−(q+1) = −∂∇−(q+1) ∂¯∇−q ∂∇−(q+1) = ∂∇−(q+1)−(q+1) = ∂∇−(q+1)
{
−(q+1) + (q + 1)K + eBˆ
h¯
}
.
Let us note that the last equality is an immediate consequence of the preceding lemma. The second relationship is
proved in the same way. 
4. Study of the spectral resolution of the Schrödinger equation
In what follows we shall make use of the results of the preceding section in order to study the spectral resolution
of the Schrödinger equation on a Riemann surface. As we shall see, our technique allows us to completely determine
the spectrum on any Riemann surface of genus 0 and 1. However, if the surface has genus greater than one then we
will be able to obtain only a finite number of eigenvalues.
4.1. Spectral resolution on CP1
Every Riemann surface of genus p = 0 is biholomorphic to the projective line CP1, see [3]. For the metric of
constant scalar curvature R = 2
r2
we can either take the Fubini–Study metric normalized to volume 4πr2 or use as
model the sphere S2r of radius r endowed with the Riemannian metric g induced by the Euclidean metric of R3.
The Schrödinger equation, in this case, gets reduced to Hˆ = h¯22m(∇∗∇ + 13r2 ). In what follows we give its spectral
resolution for an arbitrary prequantization line bundle L → CP1.
Theorem 2. Let
L= (L, 〈 , 〉,∇)→ CP1
be a prequantization line bundle. One has
1. The spectrum of Hˆ is the set
Spec(Hˆ ) =
{
Eq = h¯
2
2mr2
(
|degL|
(
q + 1
2
)
+ q(q + 1)+ 1
3
)
, ∀q ∈ Z, q  0
}
.
2. If degL 0 then the space of eigensections with eigenvalue Eq gets identified with H 0(CP1,K−q
CP
1 ⊗ L). In the
same way, if degL < 0 then the space of eigensections with eigenvalue Eq gets identified with H 0(CP1,K−q
CP
1 ⊗
L−1).
Therefore, the multiplicity of the eigenvalue Eq is
m(Eq) = 1 + |degL| + 2q.
Proof. If degL 0 then, thanks to the Riemann–Roch theorem, we have
dimH 0
(
CP1,K−q
CP
1 ⊗L
)= 1 + degL+ 2q,
since by Serre duality H 1(CP1,K−q
CP
1 ⊗L) = 0 due to the fact that degKCP1 = −2. Given 0 = s−q ∈ H 0(CP1,K−qCP1 ⊗
L) we define
sq = ∂∇−1 . . . ∂∇−q s−q ∈ Ω0(L),
which by Riemann–Roch is not zero.
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∇∗∇sq = 20sq + eBˆ
h¯
sq .
Now if we repeatedly apply Proposition 10 we obtain
0sq = 0∂∇−1 . . . ∂∇−q s−q = ∂∇−1−1∂∇−2 . . . ∂∇−q s−q +
(
K + eBˆ
h¯
)
sq
= ∂∇−1 . . . ∂∇−q−qs−q +
(
q(q + 1)
2
K + q eBˆ
h¯
)
sq,
but −qs−q = −∂∇−(q+1) ∂¯∇−q s−q = 0, since s−q ∈ H 0(CP1,K−q
CP
1 ⊗ L) is a holomorphic section. Thus, 0sq =
(
q(q+1)
2 K + q eBˆh¯ )sq , and so
Hˆ sq = h¯
2
2m
(
∇∗∇ + 1
3r2
)
sq = h¯
2
2m
{
2
[
q(q + 1)
2
K + q eBˆ
h¯
]
+ eBˆ
h¯
+ 1
3r2
}
sq .
Now if we take into account that degL = 2 eBˆr2
h¯
and that K = 1
r2
we get
Hˆ sq = h¯
2
2mr2
(
degL
(
q + 1
2
)
+ q(q + 1)+ 1
3
)
which proves that Eq ∈ Spec(Hˆ ). This process can be reversed, therefore the multiplicity of Eq is exactly
dimH 0(CP1,K−q
CP
1 ⊗ L) = 1 + degL + 2q . The proof by geometric means that these are all of the eigenvalues
can be found in our paper [25].
In case that degL < 0, the space of antiholomorphic sections of Kq
CP
1 ⊗ L gets identified in a natural way with
H 0(CP1,K−q
CP
1 ⊗L−1), and by Riemann–Roch its dimension is 1+|degL|+ 2q . In the same way as in the preceding
case, given an antiholomorphic section 0 = sq of Kq
CP
1 ⊗L we get a non-vanishing section of L
sq = ∂¯∇1 . . . ∂¯∇q sq .
Again by Remark 5 we can write
∇∗∇sq = 20sq − eBˆ
h¯
sq .
If we take into account Proposition 10 and that sq is antiholomorphic we obtain, in a way similar to the one employed
in the preceding case, that 0sq = ( q(q+1)2 K − q eBˆh¯ )sq , thus
Hˆ sq = h¯
2
2m
∇∗∇sq = h¯
2
2mr2
(
|degL|
(
q + 1
2
)
+ q(q + 1)+ 1
3
)
sq = Eqsq
which finishes the proof. 
4.1.1. Geometric construction of the spectral resolution on CP1
Although by means of holomorphic geometry we have obtained the spectrum of Hˆ and we have characterized its
eigensections, we still do not have an explicit expression for them. In this section we shall briefly explain a geometrical
method which allows us to find the explicit expression of all the eigensections, for further details the reader is referred
to our paper [25]. On the other hand, this method allows us to identify the quantity j (q) = |degL|2 + q with the total
angular momentum corresponding to the eigensections with eigenvalue Eq . Notice that j (q) is an integer or half
integer according to the parity of the degree of the line bundle L → CP1. That is, for a given magnetic field all the
eigensections have either integer or half integer angular momentum but we cannot find both classes in a given system.
The main idea underlying our method is to reduce the eigenvalue problem for the line bundle L → CP1 to an
eigenvalue problem for a trivial line bundle on a different manifold. We will be able to accomplish this task by means
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use S2r as an equivalent model for CP1 endowed with the Fubini–Study metric normalized to volume 4πr2.
Since H 2(S2r ,Z) = Z and S2r is simply connected, in order to construct all the prequantization line bundles we have
to construct for every integer n ∈ Z a line bundle Ln such that c1(Ln) = n. In order to do this let us recall that the Hopf
fibration π : SU(2) → S2r is a principal U(1)-bundle whose associated line bundle has first Chern number equal to 1.
Furthermore, since H 2(SU(2),Z) = 0, the pullback to SU(2) of every line bundle L → S2r is the trivial line bundle.
Therefore, every line bundle on S2r can be obtained as a quotient of the trivial line bundle on SU(2). More precisely,
the following is well known.
Lemma 3. Let us consider the group of unitary characters of U(1)
U(1)∨ = {χn :U(1) → U(1)/χn(z) = zn}.
The associated bundle Ln = SU(2) ×χn C has first Chern number c1(Ln) = n and is endowed with a Hermitian
connection ∇n with respect to the Hermitian metric 〈 , 〉n induced by the standard Hermitian metric of the trivial line
bundle on SU(2). The curvature of ∇n is iΩ∇n = n2r2 Ω2.
Therefore, Ln = (Ln, 〈 , 〉n,∇n) is a prequantization line bundle for the magnetic field B = h¯ n2r2 Ω2. The
Schrödinger operator for Ln is
Hˆn = h¯
2
2
(
∇n∗∇n + 13r2
)
.
The natural action of SO(3) on the symplectic manifold (S2r , h¯ n2r2 Ω2) induces a prequantization representation
ρ : so(3) →O(L2(S2r ,Ln)) which on A ∈ so(3) is given by ρ(A) = ∇A∗ + ih¯ JA, where A∗ is the fundamental vector
field associated to A. The Casimir of this representation is
Cn = −
(
ρ(B1) ◦ ρ(B1)+ ρ(B2) ◦ ρ(B2)+ ρ(B3) ◦ ρ(B3)
)
,
where {B1,B2,B3} is the standard basis of so(3), see [24,25]. Notice that Cn is the total angular momentum operator
on the line bundle Ln.
Since Ln is a bundle associated to the Hopf fibration, we have
Γ
(
S2r ,Ln
)= Γ (SU(2),π∗Ln)χn = C∞(SU(2),C)χn .
Therefore we can identify Hˆn, Cn with certain differential operators H˜n, C˜n, respectively, which act on C∞(SU(2),C).
Moreover, since the projection π : SU(2) → S2r is a Riemannian submersion one can prove, see [25], the
Proposition 11. Let us denote by ∇n the pullback connection on the trivial line bundle over SU(2) induced by the
connection ∇n in Ln and let
π∗ :Γ
(
S2,Ln
)→ C∞(SU(2),C)
be the natural map induced by pulling back sections. Then
∇n∗∇n ◦ π∗ = π∗ ◦ ∇n∗∇n.
That is, H˜n = ∇n∗∇n.
Moreover, one has
H˜n = h¯
2
2mr2
(
C˜n − n
2
4
+ 1
3
)
,
where C˜n is the Casimir for the action of SU(2) on C∞(SU(2),C).
LetHn be the vector space of complex polynomial functions of degree n on R4 which are harmonic. The restriction
from R4 to S3  SU(2) gives an isomorphism of Hn with a vector subspace H˜n of C∞(SU(2),C).
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x3 + ix4. Therefore, the ring of complex polynomial functions on R4 gets identified with the ring C[z1, z2, z¯1, z¯2]
which has a natural gradation
C[z1, z2, z¯1, z¯2] =
⊕
p0,q0
Sp,q,
where Sp,q is the space of polynomials of degree p in the variables {z1, z2} and degree q in the variables {z¯1, z¯2}.
With respect to this gradation one has
Hn =
⊕
p+q=n
Hp,q .
Moreover, if Vk denotes the unique irreducible representation of SU(2) with dimension k + 1, and D1 is the left
invariant vector field on SU(2) corresponding to B1 ∈ so(3) through the natural isomorphism su(2)  so(3), then one
has
Theorem 3. Every H˜p,q is an irreducible unitary representation of SU(2) isomorphic to Vp+q . Furthermore, every
H˜p,q decomposes as a direct sum of one-dimensional subspaces
H˜p,q =
⊕
− p+q2 l p+q2
H˜p,ql
such that iD1 is constant on H˜p,ql with eigenvalue l.
Remark 6. In the representation theory of SU(2) it is common practice to introduce for the representation Vk the
parameter j = k2 ∈ 12Z and then denote Vk by V2j . Accordingly we define H˜j,l =
⊕
p+q=2j H˜p,ql .
One proves that every f ∈ C∞(SU(2),C)χn verifies iD1f = n2f . Hence the eigensections of Hˆn get identified
with those functions f ∈ C∞(SU(2),C) which simultaneously fulfill
C˜nf = j (j + 1)f, iD1f = n2f.
Remark 7. If f fulfills these equations, then f ∈ H˜j,l= n2 for some j , with the only condition that −j  n2  j . Thus,
we can write j = |n2 | + q for some q ∈ Z, q  0.
Finally, we have
Theorem 4. The spectrum of Hˆn in Γ (S2r ,Ln) is the set
Spec(Hˆn) =
{
Eq = h¯
2
2mr2
(
|n|
(
q + 1
2
)
+ q(q + 1)+ 1
3
)
, ∀q ∈ Z, q  0
}
and the space of eigensections corresponding to Eq is H˜|l|+q, n2 . Therefore, the multiplicity of the eigenvalue Eq is
m(Eq) = dimC H˜|l|+q, n2 = 2q + |n| + 1.
Remark 8. The total angular momentum of the eigensections corresponding to the eigenvalue Eq is, thus, j (q) =
|n2 | + q = | degLn2 | + q as we claimed above.
4.2. Spectral resolution on tori
It is well known, see [3], that every Riemann surface of genus p = 1 is biholomorphic to a torus C/Λ, where Λ is
a free Abelian group of rank two. Furthermore, every such a torus is biholomorphic to one of the form
T(τ ) = C/〈1, τ 〉
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is the one induced by the standard Euclidean metric of C. Therefore (T(τ ), g) is a flat Riemannian torus such that
Area(T(τ )) = Im τ .
Thanks to Proposition 4, if (T(τ ), eB) is quantizable and L= (L, 〈 , 〉,∇) → T(τ ) is a prequantization line bundle,
then its degree is given by
degL = eBˆ
h
Im τ.
Since the scalar curvature vanishes, the Schrödinger equation in this case is just Hˆ = h¯22m∇∗∇ . We now give its
spectral resolution in the case degL = 0.
Theorem 5. Let S be a compact surface of genus p = 1 and let
L= (L, 〈 , 〉,∇)→ S
be a prequantization line bundle such that deg(L) = 0. Then, one has
1. The spectrum of Hˆ is the set
Spec(Hˆ ) =
{
Eq = h¯|ω|
(
q + 1
2
)
, ∀q ∈ Z, q  0
}
,
where ω = eBˆ
m
is the so-called Larmor frequency.
2. If degL> 0 then the space of eigensections with eigenvalue Eq gets identified with H 0(S,K−qS ⊗L). In the same
way if degL< 0 then the space of eigensections with eigenvalue Eq gets identified with H 0(S,K−qS ⊗L−1).
Therefore, the multiplicity of the eigenvalue Eq is
m(Eq) = |degL|.
Proof. If degL> 0 then the Riemann–Roch theorem implies that
dimH 0
(
S,K
−q
S ⊗L
)= degL,
since deg(K−qS ⊗L) = degL due to the fact that KS OS . Given s−q ∈ H 0(S,K−qS ⊗L) we define
sq = ∂∇−1 . . . ∂∇−q s−q .
Thanks to Remark 5 one has
∇∗∇sq = 20sq + eBˆ
h¯
sq .
On the other hand, by a successive application of Proposition 10, we get
0sq = 0∂∇−1 . . . ∂∇−q s−q = ∂∇−1−1∂∇−2 . . . ∂∇−q s−q + eBˆ
h¯
sq = ∂∇−1 . . . ∂∇−q−qs−q + q eBˆ
h¯
sq,
but −qs−q = −∂∇−(q+1) ∂¯∇−q s−q = 0, since s−q ∈ H 0(S,K−qS ⊗ L) is a holomorphic section. Therefore 0sq =
q eBˆ
h¯
sq , and we get
Hˆ sq = h¯
2
2m
∇∗∇sq = h¯
2
2m
(
2q
eBˆ
h¯
+ eBˆ
h¯
)
sq = h¯ω
(
q + 1
2
)
= Eqsq
this proves that Eq ∈ Spec(Hˆ ). Since this process can be reversed we obtain the desired multiplicity for Eq .
In order to see that every eigenvalue is of this form, it is enough to see that the corresponding eigensections generate
a dense subspace of L2(S,L) and this is done either by a generalization of the method used for the scalar Laplacian,
see [1], or by a generalized Selberg trace formula, see [8].
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and by Riemann–Roch its dimension is |degL|. In the same way as in the previous case, given an antiholomorphic
section sq of KqS ⊗L we define
sq = ∂¯∇1 . . . ∂¯∇q sq .
Thanks to Remark 5 we can write
∇∗∇sq = 20sq − eBˆ
h¯
sq
and bearing in mind Proposition 10 and that sq is antiholomorphic we get, in a way similar to the previous case, that
0sq = −q eBˆh¯ sq , thus
Hˆ sq = h¯
2
2m
∇∗∇sq = h¯
2
2m
(
−2q eBˆ
h¯
− eBˆ
h¯
)
sq = h¯|ω|
(
q + 1
2
)
= Eqsq
and this finishes the proof. 
Remark 9. 1. It is important to point out here the fact that the spectrum of Hˆ does not depend on the chosen line
bundle L → S, with degL = k = 0. That is, the spectrum of Hˆ is constant over Pick(S). Equivalently we can re-
formulate this by saying that on L we have a family of isospectral gauge inequivalent connections parametrized
by Pic0(S). This gives us a two-dimensional family of isospectral connections on a line bundle rather than the
two isospectral connections found in [13] where the isospectral problem was originally posed. Moreover, we have
proved that all the harmonic connections with prescribed curvature are isospectral. Furthermore, the space of eigen-
sections of a given eigenvalue gets identified with the holomorphic sections of a certain line bundle of the elliptic
chain.
2. If we identify S with a torus T(τ ) and degL > 0, then the eigensections with eigenvalue Eq can be naturally
identified with the theta functions of the line bundle Kq
T(τ )
⊗ L. Taking into account that T(τ ) is a principally po-
larized Abelian variety, if the characteristic of the line bundle Kq
T(τ )
⊗ L is c = aτ + b, then the theta functions of
this line bundle are expressed in terms of θ [ ab ], the theta function with characteristic c, see [14]. One has a similar
result for the case degL < 0. The eigenvalues Eq can be expressed in terms of the degree of L in the following
way
Eq = 2πh¯
2
m Im τ
|degL|
(
q + 1
2
)
.
If degL = 0 then L has no holomorphic sections unless it is the trivial holomorphic line bundle. As a consequence,
the technique employed in the preceding section allows us to find only the first eigenvalue of the trivial holomorphic
line bundle. Therefore it is necessary to develop a new technique in order to study the spectrum of degree zero line
bundles.
Let us begin by recalling that if degL = 0 then L → S is trivial as a differentiable line bundle, therefore it has a
non-vanishing section s ∈ Γ (S,L) which trivializes it. The expression of the connection with respect to this section is
∇s = − i
h¯
A⊗ s
with A ∈ Ω1(S). Since degL = 0, one has B = 0, hence dA = 0. If we take into account the Hodge decomposition,
the expression of A is
A = A0 + df,
where A0 is a harmonic 1-form and f ∈ C∞(S). By means of a vertical automorphism φ :L → L we can eliminate
the term df . In this way we obtain a Hermitian line bundle with connection which is equivalent to L and whose
connection 1-form is harmonic. It is well known that the spectral problems associated with equivalent prequantization
line bundles are unitarily isomorphic. Therefore, we can assume, without loss of generality, that L → S is a flat line
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a natural way with the space of 1-forms invariant under the translations of S considered as a Lie group, and this space
is the dual of the Lie algebra Lie(C/Λ). By means of the Riemannian metric of constant scalar curvature g of C/Λ,
the invariant forms can also be identified with the invariant vector fields. If A ∈ Ω1(C/Λ) is a harmonic 1-form, then
DA denotes the invariant vector field associated to it by means of the Riemannian metric g.
Since L → S is trivialized by means of the section s, the Bochner Laplacian ∇∗∇ can be identified with a differ-
ential operator D :C∞(S) → C∞(S), whose explicit expression is given in the following
Proposition 12. The operatorD :C∞(S) → C∞(S) corresponding to the Bochner Laplacian of the line bundle L → S
by means of a trivializing section s such that ∇s = − i
h¯
A⊗ s, with A harmonic, is given by
D = + 2i
h¯
DA + ‖A‖
2
h¯2
,
where  is the scalar Laplacian of the Riemannian manifold (S, g).
Proof. It is enough to take into account that every section s¯ ∈ Γ (S,L) can be written as f s with f ∈ C∞(S). Hence,
we have
∇∗∇(f s) = ∇∗
(
df ⊗ − i
h¯
fA⊗ s
)
= − ∗ ∇ ∗
(
df ⊗ s − i
h¯
fA⊗ s
)
= − ∗ ∇
(
∗df ⊗ s − i
h¯
f ∗A⊗ s
)
.
Bearing in mind that A is harmonic, a small computation shows that
∇∗∇(f s) =
{
f − 2i
h¯
g(A,df )+ ‖A‖
2
h¯2
}
⊗ s
and this finishes the proof. 
In order to find the spectrum of D we need the following
Lemma 4. Under the preceding conditions one has
1.  ◦DA = DA ◦.
2. ‖A‖2 is a constant.
Proof. For the first statement it is enough to see that the operators commute locally. However, this is evident in any
local system of coordinates which is adapted to the covering p :C → C/Λ.
The second statement follows from the well known fact that in a flat torus every harmonic form is parallel, see
Theorem 4.25 p. 162 of [19]. 
This lemma reduces the computation of the spectral resolution of D to the one of the scalar Laplacian , which is
well known [1]. Let us recall briefly its construction. Given the lattice Λ one defines the dual lattice Λ∗ as
Λ∗ = {χ ∈ C: 〈χ, l〉 ∈ Z, ∀l ∈ Λ}
with 〈 , 〉 the Euclidean metric of C. For every χ ∈ Λ∗ one defines fχ ∈ C∞(S) as
fχ(z) = exp
(
2πi〈χ, z〉).
Then the spectrum of  is
Spec() = {λ(χ) = 4π2‖χ‖2, ∀χ ∈ Λ∗}
and the multiplicity of λ = λ(χ) is given by the number of χ ′ such that λ(χ ′) = λ. The spectral resolution of  is
formed by the functions {fχ }χ∈Λ∗ .
Now we have the following
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L= (L, 〈 , 〉,∇)→ S
be a prequantization line bundle such that deg(L) = 0 and endowed with a harmonic connection A. Then, one has
1. The spectrum of Hˆ is the set
Spec(Hˆ ) =
{
Eχ = h¯
2
2m
‖2πχ − a‖2, ∀χ ∈ Λ∗
}
,
where a ∈ C is the vector determined by the invariant vector field DA.
2. The space of eigensections with eigenvalue Eχ gets identified with the set of functions fχ ′ such that Eχ = Eχ ′ .
Proof. It is enough to take into account that DAfχ = −4π〈χ,a〉 and one concludes by means of an easy computa-
tion. 
Remark 10. Let us note that in this case the spectrum of Hˆ is not constant on Pic0(S).
4.3. Spectral resolution on compact Riemann surfaces of genus p > 1
Let S be a compact Riemann surface of genus p > 1 and let g be the Riemannian metric in the conformal class
determined by the complex structure of S which has constant scalar curvature R = − 2
r2
.
The Schrödinger operator in this case is Hˆ = h¯22m(∇∗∇ − 13r2 ). In what follows we study its spectral resolution for
a prequantization line bundle L → S such that |degL| > degKS . Let us note that in this case, the weight of the line
bundle k(L) is
k(L) = degL
degKS
.
Therefore |degL| > degKS if and only if |k(L)| > 1.
Theorem 7. Let
L= (L, 〈 , 〉,∇)→ S
be a prequantization line bundle. One has
1. The set
Specd(Hˆ ) =
{
Eq= h¯
2
2mr2
(∣∣k(L)∣∣(2q + 1)− q(q + 1)− 1
3
)
, ∀q ∈ Z, 0 q < ∣∣k(L)∣∣− 1
}
is included in the spectrum of Hˆ .
2. If degL> 0 then the space of eigensections with eigenvalue Eq gets identified with H 0(S,K−qS ⊗L). In the same
way, if degL< 0 then the space of eigensections with eigenvalue Eq gets identified with H 0(S,K−qS ⊗L−1).
Therefore, the multiplicity of the eigenvalue Eq is
m(Eq) = χ(S)2
(
2q − 2∣∣k(L)∣∣+ 1).
Proof. If degL> degKS then, the Riemann–Roch theorem implies that
dimH 0(S,K−qS ⊗L) =
χ(S)
2
+ degL+ qχ(S),
whenever deg(K−qS ⊗L) > degKS , that is if and only if
deg
(
K
−q ⊗L)= −q degKS + degL = k(L)degKS − q degKS = (k(L)− q)degKS > degKS.S
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sq = ∂∇−1 . . . ∂∇−q s−q .
Thanks to Remark 5, one has
∇∗∇sq = 20sq + eBˆ
h¯
sq .
If now we recursively apply Proposition 10 we get
0sq = 0∂∇−1 . . . ∂∇−q s−q = ∂∇−1−1∂∇−2 . . . ∂∇−q s−q +
(
K + eBˆ
h¯
)
sq
= ∂∇−1 . . . ∂∇−q−qs−q +
(
q(q + 1)
2
K + q eBˆ
h¯
)
sq,
but −qs−q = −∂∇−(q+1) ∂¯∇−q s−q = 0, since s−q ∈ H 0(S,K−qS ⊗ L) is a holomorphic section. Therefore 0sq =
(
q(q+1)
2 K + q eBˆh¯ )sq , and so
Hˆ sq = h¯
2
2m
(
∇∗∇ − 1
3r2
)
sq = h¯
2
2m
{
2
[
q(q + 1)
2
K + q eBˆ
h¯
]
+ eBˆ
h¯
− 1
3r2
}
sq .
Now if we bear in mind that k(L) = eBˆr2
h¯
and that K = − 1
r2
, we get
Hˆ sq = h¯
2
2mr2
(
k(L)(2q + 1)− q(q + 1)− 1
3
)
which proves that Eq ∈ Spec(Hˆ ). Since this process can be reversed, the multiplicity of Eq coincides with
dimH 0(S,K−qS ⊗L).
In case that degL< 0 and |degL| > degKS , the space of antiholomorphic sections of KqS ⊗L gets identified with
H 0(S,K−qS ⊗L−1) which, by Riemann–Roch, has dimension χ(S)2 + |degL| + 2qχ(S), whenever |k(L)| − 1 > 0. In
the same way as in the preceding case, given an antiholomorphic section sq of KqS ⊗L one defines now
sq = ∂¯∇1 . . . ∂¯∇q sq .
Thanks to Remark 5 we can write
∇∗∇sq = 20sq − eBˆ
h¯
sq,
and taking into account Proposition 10 and that sq is antiholomorphic one gets, in a way analogous to the previous
case, that 0sq = ( q(q+1)2 K − q eBˆh¯ )sq , resulting that
Hˆ sq = h¯
2
2m
∇∗∇sq = h¯
2
2mr2
(∣∣k(L)∣∣(2q + 1)− q(q + 1)− 1
3
)
sq = Eqsq. 
Remark 11. 1. The complete spectral resolution for the Bochner Laplacian of a line bundle L → S on a compact
Riemann surface of genus p > 1 is unknown in general, see [17,18,22]. However, as we will see next, the construction
of the spectral resolution is equivalent to finding the explicit expressions of the Maass automorphic forms. Once this
connection is established we will be able to make use of the information provided by all the particular cases in which
it is possible to determine the spaces of Maass automorphic forms.
2. It is important to point out that the subset of the spectrum of Hˆ given by Specd(Hˆ ) does not depend on the line
bundle L → S that we take with r = |degL| > degKS . That is, Specd(Hˆ ) is constant over Pic±r (S). Moreover, the
space of eigensections corresponding to every eigenvalue gets identified with the holomorphic sections of a certain
holomorphic line bundle of the elliptic chain.
3. The conditions that were imposed on the degree of the line bundle in the preceding theorem guarantee the
vanishing of the first cohomology group and therefore we can calculate explicitly the dimension of the space of
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sections. Therefore we can impose weaker conditions as the ones that we will see on Theorems 10 and 11.
4.3.1. Spectral resolution and Maass automorphic forms
In this section, as in the case of the sphere, we will reduce the eigenvalue problem on a line bundle L → S to
an eigenvalue problem on a trivial line bundle on the hyperbolic plane H which is the universal covering of S, see
[15]. On the other hand, this method allows us to identify the quantity j (l) = |k(L)| − l with the total hyperbolic
angular momentum corresponding to the eigensections with eigenvalue El . In this case, j (l) is a rational number
whose denominator is given by the Euler characteristic χ(S). That is, for a given magnetic field all the eigensections
have either integer or half integer angular momentum but we cannot find both classes in a given system.
In a compact Riemann surface S of genus p > 1 the prequantization line bundle L → S is not necessarily trivial.
However, its pullback to H, under the universal covering space projection q :H → S, is trivial. Since q :H → S is a
local diffeomorphism, we will see that the computation of the spectrum of Hˆ in L2(H, q∗L) can be reduced to the
study of an eigenvalue problem in L2(H), avoiding thus the necessity to consider several spectral problems associated
to an open cover U of the Riemann surface S whose open sets trivialize L → S.
Since q∗L → H is trivial we can take a global section s0 such that ∇s0 = − ih¯A ⊗ s0 where A = eBˆr2 dxy , we can
also assume that 〈s0, s0〉H = 1.
It is known, see [23,24], that the natural action of PSL(2,R) on the symplectic manifold (H, eB) admits
an equivariant moment map J :H → sl(2,R) which induces a prequantization representation ρ : sl(2,R) →
O(L2(H, q∗L)) whose Casimir is given by
C˜ = −ρ(B1)2 − ρ(B2)2 + ρ(B3)2 = −
(
y2
(
∂2
∂x2
+ ∂
2
∂y2
)
− 2i eBˆr
2
h¯
y
∂
∂x
)
,
where {B1,B2,B3} is the standard basis of sl(2,R). A straightforward computation shows that
∇∗∇ = − 1
r2
(
y2
(
∂2
∂x2
+ ∂
2
∂y2
)
− 2i eBˆr
2
h¯
y
∂
∂x
− e
2Bˆ2r4
h¯2
)
.
Therefore, we have [23]
Proposition 13. The Schrödinger operator can be expressed in terms of the Casimir as follows
Hˆ = h¯
2
2mr2
(
C˜ + e
2Bˆ2r4
h¯2
− 1
3
)
.
Let S = H/Γ be now a compact Riemann surface of genus p > 1 uniformized by the Fuchsian group Γ and let
q :H → S = H/Γ be the universal covering projection. The expression for the symplectic form of S is eB = eBˆΩ2
where Ω2 is the Riemannian area element of (S, g), which verifies q∗Ω2 = Ω˜2, where Ω˜2 is the Riemannian area
element of the universal Riemannian covering (H, g˜). We shall take B˜ = q∗B .
We have seen that there exists a prequantization line bundle π : (L,∇, 〈 , 〉S) → (S, eB) if and only if
eBˆ
h
Ω2 ∈ H 2(S,Z) ⇔ −eBˆr
2
h¯
χ(S) = c1(L) ∈ Z.
In order to study the prequantization line bundles on S we have to recall first some results regarding the relationship
that there exits between group actions, group cohomology and ordinary cohomology, see [9,16]. For more details see
[23].
Let Φ :G × X → X be a properly discontinuous and free action of a discrete group G on a manifold X. We shall
denote by Y = X/G the quotient manifold and q :X → Y is the natural projection.
Definition 9. An automorphy factor f for the action Φ :G × X → X is a differentiable mapping f :G × X → C∗
which fulfills
f (g1g2, x) = f (g1, g2x)f (g2, x)
for every g1, g2 ∈ G and x ∈ X.
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of nowhere vanishing functions. Then G acts in a natural way on the global sections H 0(X,E∗X) and a factor of
automorphy can be considered as a mapping f :G → H 0(X,E∗X). That is, the set of automorphy factors can be
identified with the space of cocycles Z1(G,H 0(X,E∗X)).
Given an automorphy factor f we can define in a natural way a G-action Φ¯ on the trivial line bundle πT :CT → X
which covers the original G-action on X. This action is Φ¯g(x, z) = (Φg(x), f (g, x)z). Moreover, G acts by vector
bundle morphisms and the quotient
π :CT /G → Y = X/G
is a line bundle whose sections Γ (X/G,CT /G) are called f -automorphic functions, since
Γ (X/G,CT /G) = Γ (X,CT )G =
{
s ∈ H 0(X,E∗X) | s(gx) = f (g, x)s(x)
}
.
It is easy to see that equivalent automorphy factors, that is the ones whose difference is a co-boundary, yield isomorphic
line bundles. Therefore, there exists a mapping
φ1 :H 1
(
G,H 0(X,E∗X)
)→ H 1(Y,E∗Y ).
Moreover, the image of φ1 consists of the line bundles on Y whose pullback under q :X → Y becomes trivial. That
is, there exists an exact sequence
0 → H 1(G,H 0(X,E∗X)) φ
1
−→ H 1(X/G,E∗Y )
p∗−→ H 1(X,E∗X).
The mapping φ1 is just an instance of a general construction, see [23]. In particular, on a Riemann surface q :H →
S = H/Γ for every k we get the isomorphisms
φk
Z
:Hk(Γ,Z) → Hk(S,Z),
φkU(1) :H
k
(
Γ,U(1)
)→ Hk(S,U(1)).
Remark 12. The isomorphism φ1U(1) :H
1(Γ,U(1)) → H 1(S,U(1)) relates flat bundles on S to the first cohomology
group of the Fuchsian group with U(1) values.
Let ˜PSL(2,R) be the universal covering of PSL(2,R). The exact sequence of groups
0 → Z → ˜PSL(2,R) → PSL(2,R) → 0
defines a cohomology class α ∈ H 2(PSL(2,R),Z). One proves now, see [16], the
Proposition 14. Let [S] ∈ H2(S,Z) be the fundamental class of S, and let µ be the generator of H 2(S,Z) such that
µ([S]) = 1. If u ∈ H 2(Γ,Z) is given by u = (φ1
Z
)
−1
(µ), then
ResPSL(2,R)Γ (α) = χ(S) · u = (2 − 2g) · u,
where χ(S) is the Euler–Poincaré characteristic of S.
Given γ ∈ Γ , we shall denote by γ ′(z) the first derivative of the holomorphic mapping Φγ :H → H defined by the
action of γ .
Definition 10. Let m :Γ → U(1) be a mapping. We shall say that ψ :H → C is an automorphic form of weight k ∈ R
and unitary multiplier m if it fulfills
ψ(γ z) · γ ′(z)k = m(γ )ψ(z)
for every γ ∈ Γ .
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H 2(Γ,Z) under the group morphism expk :Z → U(1) defined by expk(n) = exp(2πikn).
The preceding definition of an automorphic form is consistent if and only if f (γ, z) = γ ′(z)−k · m(γ ) is an auto-
morphy factor, and this is equivalent to qk = d(m−1) where d is the cochain differential. In view of this, we can say
that the weight of the multiplier is k. One has that H 1(Γ,U(1)) acts freely and transitively on the set of all multipliers
of a given weight. This action is given by the multiplication of functions. Therefore, according to Remark 12, the
set of multipliers of a given weight can be identified with the flat line bundles on S. Hence we have proved that the
problem of giving all the possible unitary automorphy factors is equivalent to constructing all the multipliers.
Proposition 15. Let S be a compact Riemann surface such that S  H/Γ , where Γ is a Fuchsian group. Then the
allowed weights are those of the form
k ∈ 1
χ(S)
Z
and each one of them is represented by a multiplier.
Proof. Given k ∈ R it is an allowed weight if and only if the cohomology class qk is trivial. But H 2(Γ,Z)  Z since Γ
only contains hyperbolic elements. Therefore, thanks to Proposition 14, qk is trivial if and only if exp(2πikχ(S)) = 1.
Since for every allowed weight k the cohomology class qk is trivial, then there exists an m such that dm−1 = qk and
m is a multiplier. 
Due to the equivalence between multipliers and automorphy factors, one can prove now, see [15], the following
Theorem 8. Let (L˜,∇, 〈 , 〉H) → (H, eB˜) be a prequantization line bundle. If − eBˆr2h¯ ∈ 1χ(S)Z then there exists an
action of Γ on π : L˜ → H which covers the action of Γ on H and such that:
1. It leaves ∇ and 〈 , 〉H invariant.
2. (L˜/Γ,∇/Γ, 〈 , 〉H/Γ ) → (S, eB) is a prequantization line bundle.
As a consequence we get the following
Theorem 9. The sections of the prequantization line bundle π :L → S get identified with the automorphic forms
Ak(Γ,mB) on H with weight k = eBˆr2h¯ for a certain multiplier mB . That is, with the functions ψ ∈ C∞(H) such that
ψ
(
γ (z)
)= eiµB(γ )e2i eBˆr2h¯ arg(cγ z+dγ r)ψ(z) ∀γ ∈ Γ.
Remark 13. Let us note that the weight k of the automorphic formsAk(Γ,mB) associated with the line bundle L → S
coincides with the weight k(L) of the line bundle L which was introduced in Proposition 4.
Let DB = y2( ∂2∂x2 + ∂
2
∂y2
) − 2i eBr2
h¯
y ∂
∂x
be the Maass Laplacian which acts on the space of automorphic forms
Ak(Γ ), see [4]. By Proposition 13 we get
Hˆ = − h¯
2
2mr2
DB + e
2B2r2
2m
− h¯
2
6mr2
.
The classical theory of the Maass Laplacian, see [2,17,18], gives the
Theorem 10. The discrete series of the spectrum of Hˆ acting on Ak(Γ,mB) is contained on the set
Spec′(Hˆ ) =
{
El = h¯
2
2mr2
(
(2l + 1)|k| − l(l + 1)− 1
3
)
, ∀l ∈ Z, 0 l < |k| − 1
2
}
.
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representation of the discrete series of SL(2,R), see [5]. Let us note that, in general, for an arbitrary Fuchsian group Γ
containing elliptic or parabolic elements, not every element of Spec′(Hˆ ) belongs to the spectrum of Hˆ .
2. Since the eigenvalues of C˜ are of the form j (1 − j) it follows that the total hyperbolic angular momentum of
the eigensections corresponding to the eigenvalue El is, thus, j (l) = |k| − l.
Let Hk(Γ,m) be the space of holomorphic automorphic forms of weight k and multiplier m, [20]. Then one has
the following
Theorem 11. Let El ∈ Spec′(Hˆ ) then one has
1. If k > 0, then El ∈ Spec(Hˆ ) if and only if Hk−l (Γ,mB) = 0 and the multiplicity of El is given by
m(El) = dimHk−l (Γ,mB) = 0.
2. If k < 0, then El ∈ Spec(Hˆ ) if and only if H|k|−l (Γ, m¯B) = 0 and the multiplicity of El is given by
m(El) = dimH|k|−l (Γ, m¯B) = 0.
Remark 15. Let us point out that, as we advanced in the third part of Remark 11, this result slightly improves the one
that we obtained before by means of the holomorphic geometry of the prequantization line bundle, since there may
exist l ∈ Z such that l ∈ (|k| − 1, |k| − 12 ).
Thanks to the Riemann–Roch theorem we have the following
Corollary 3. If |k| > 1 then
m(El) = 12χ(S)
(
2l − 2|k| + 1).
Remark 16. Let us notice that this result coincides with the one that we obtained above by means of holomorphic
techniques.
The results in this section can be extended to non-compact Riemann surfaces S. In that case, it is proved that the
weight of the automorphic forms can be an arbitrary real number. We plan to study this case in detail in future works.
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